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Solution of the Steady Euler Equations in a Generalized
Lagrangian Formulation
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A second-order Godunov-type shock-capturing scheme for solving the steady Euler equations in generalized
Lagrangian coordinates has been developed and applied to compute steady supersonic and hypersonic flow
problems. Following Hui and Zhao, the Lagrangian distance and a stream function are used as the coordinate
lines that not only simplify the Riemann solution procedure but also have an intrinsic flow adaptive property
embedded. Numerical examples for various supersonic flows involving strong flow discontinuities are given.
Good agreement is obtained between computed results and shock expansion theory or available experimental
data. It was found that the resolution of the slip line is almost exactly without smearing, the resolution of shock
is always crisp even at increasing Mach number, and the Prandtl-Meyer expansion is adequately resolved with

the second-order-accurate scheme.

I. Introduction

ECENTLY, a class of new Lagrangian formulation of

the Euler equations of gasdynamics has been proposed
by Hui et al.!-? as an alternative way to describe the equations
governing the inviscid compressible flows. For two-dimen-
sional supersonic flow, the Lagrangian time 7 and a stream
function £ are used as independent variables in the new La-
grangian description instead of the usual Cartesian coordi-
nates (x, y) in the Eulerian description. For supersonic flows
the steady Euler equations of gasdynamics are hyperbolic;
hence, either the Godunov method* based on the exact
Riemann solver or approximate Riemann solvers can be con-
structed to solve them.

The Godunov method for solving the steady supersonic
flows consists of employing the self-similar solution of a
steady Riemann problem involving an oblique shock wave, a
Prandtl-Meyer expansion, and a slip line (tangential disconti-
nuity). This method has been given by Glaz and Wardlaw’ for
the Eulerian formulation and by Loh and Hui! for the (7, £)
formulation. A flux difference splitting method for directly
solving the steady Euler equations for supersonic flow has
been given by Pandolfi.% In Ref. 2, a second-order total varia-
tion diminishing (TVD) scheme” has been devised for the new
Lagrangian (7, £) formulation by applying Sweby’s flux lim-
iter® in a scalar manner, which results in a rather restricted
Courant number; i.e., a very small Courant number must be
used. This may be attributed to the physical quantities used in
the limiter functions. Nevertheless, it has been successfully
applied to a wide variety of supersonic and hypersonic flow
problems.

Several desirable features of the new Lagrangian method
have been illustrated regarding the resolution of flow disconti-
nuities in high-speed compressible flows. In particular, it is
shown that 1) it resolves slip line crisply; 2) its accuracy
improves with increasing Mach number due to the intrinsic
flow adaptive nature; and 3) it requires no grid generation, yet
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the flow tangency condition at the solid boundary is automat-
ically satisfied.

Despite the aforementioned features it was found that defi-
ciencies exist in the Lagrangian time-stream function (7, £)
formulation: 1) The flux function is discontinuous across a
slip line (a cell interface in the new Lagrangian method), which
not only makes the Godunov numerical flux at the cell inter-
face discontinuous but also complicates the construction of
high-order schemes; 2) the system is not fully hyperbolic (see
Ref. 9), in the sense that, although there exist six real eigenval-
ues, there are only five linearly independent eigenvectors asso-
ciated with them; and 3) the system using the Lagrangian time
is difficult to apply to subsonic flow problems.

To remove the aforementioned deficiencies of the Lagran-
gian time-stream function (7, £) formulation, a generalized
Lagrangian formulation using Lagrangian distance and
stream function (A, £) as independent variables has been pro-
posed recently by Hui et al.,'® who show that the generalized
Lagrangian formulation of the steady Euler equations is fully
hyperbolic for supersonic flow and the flux vector is continu-
ous at the interface of a Godunov numerical flux.

The purpose of this study is first to devise a more robust
second-order Godunov-type scheme for the two-dimensional
steady Euler equations in generalized Lagrangian formula-
tion. The scheme is conservative (expressed in the form of a
numerical flux) and has the full linear stability bound based on
the eigenvalues of the generalized Lagrangian system. First,
the first-order Godunov scheme is extended to achieve high-
order accuracy by adopting a Hancock!! two-step procedure
and using a van Leer’s MUSCL!? type approach together with
an essentially nonoscillatory (ENO) interpolation.'* The gen-
eralized Lagrangian formulation, by virtue of its use of
streamlines and Lagrangian distance lines as coordinate lines,
is expected to provide a basis for better representation of the
tangential discontinuity as well as to follow the physics of
fluid motion more closely. This expectation turns out to be
well confirmed, and the generalized Lagrangian formulation,
together with the Godunov scheme and its higher-order TVD
and ENO schemes, has the potential of accurately and effi-
ciently simulating steady supersonic and hypersonic flows in
aerodynamics. Second, we apply the second-order Godunov-
type schemes for the generalized Lagrangian Euler equations
to simulate several supersonic flow problems and compare
them with exact solutions, results from linearized theory and
shock expansion theory, and available experimental data.
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In Sec. II the steady two-dimensional Euler equations in the
generalized Lagrangian coordinates (A, £) in conservation law
form are described. In Sec. III the first-order Godunov
scheme and its higher-order TVD and ENO extensions based
on the Hancock two-step procedure and a MUSCL type ap-
proach are given. Several examples are computed in Sec. IV
and compared with the exact solutions and available experi-
mental results. Some practical supersonic and hypersonic flow
problems are also included. Discussions of the generalized
Lagrangian method and concluding remarks are given in
Sec. V.

II. Generalized Lagrangian Euler Equations
of Gasdynamics

We briefly describe the generalized Lagrangian formula-
tion, introduced by Hui and Zhao® and Hui et al.’ for the
steady two-dimensional Euler equations. The conservation
equations of mass, momentum, and energy for the steady
two-dimensional inviscid compressible flows in the Cartesian
coordinates can be expressed as

dE oF
—+—=0 la
Ix dy (12)
where
pu pv
- 24 - v
E= PP R | 2 (1b)
puy pyc+p
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where p is the fluid density; # and v are the velocity compo-
nents in the x and y directions, respectively; p is the pressure;
and H is the total enthalpy. The pressure is related to other
flow variables by the equation of state

Yp
(r—"Dp
where vy = ¢,/c, is the ratio of specific heats. Introducing a

class of Lagrangian-type transformation of coordinates from
(x, y) to (A, &) as follows:

H=%(u2+v2)+ 2
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where o is a constant, and g = (u? + v)*.
Two cases of « are of particular interest:
When o = 0, one has

dx=ud\, dy=vd\ dx?+dy?=¢g2dN )
along a streamline ¢ = const. Evidently, the variable A so
introduced is the time of motion of a particle along its stream-
line (path) and is thus the Lagrangian time 7 and the system is
denoted as the (7, £) formulation.
When o = 1, one has

dx=2d\,  dy=-d\  d2+dpi=d  (6)
q q
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along a streamline £ = const and a variable A\ so defined in
Egs. (3) is clearly the distance traveled by a particle along its
streamline (hence the name ‘‘Lagrangian distance’’ introduced
by Hui and Zhao®), and the system is denoted as the (A, §)
formulation.

Integrating Eqs. (1) over an arbitrary domain and applying
the Gauss divergence theorem and with the Lagrangian-type
transformation defined by Egs. (3), one can obtain the follow-
ing equations of motion in the (A, £) formulation in conserva-
tion law form:

d0E OdF
—+==0 7
DN (72)
where
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Here, cos § = u/q, sin # = v/q, and 0 is the flow inclination
angle. In the system (7), K is defined by

K(&) = p(uV —vU) ®

Instead of having four equations to solve in the Eulerian
formulation, here one has six equations in the generalized
Lagrangian formulation. The first four equations in Eq. (7b)
can, of course, also be derived directly from the physical laws
of conservation of mass, momentum, and energy, respec-
tively, whereas the last two equations arise from the compati-
bility conditions between the N derivatives of x and y, which
contribute to the intrinsic flow adaptive nature of the general-
ized Lagrangian method. »
For supersonic flows, the system (7) has real eigenvalues

0o =0, multiplicity of 4 (9a)
and
. = g~ cos(B — ) +=sin(B — HVM? -1
=T M2sin?(8 — 0) - 1
_ q'~%sin p
" Tsin[+ (B - 0) — pl ©b)
where
U=Tcosp, V=Tsinf
109

u=sin"}(1/M) =sin"!(c/q)

and where ¢ = (yp/p)” is the speed of sound, M is the Mach
number, and T = (U2 + V?)*%.

It was noted in Ref. 9 that, within the class of Lagrangian-
type transformations (3), the resulting equations can be shown
to be fully hyperbolic if and only if o = 1, i.e., when A repre-
sents the distance traveled by a particle along its streamline.
For « # 1 (including the special case o« = 0 when A represents
the Lagrangian time 7), only five linearly independent left
eigenvectors exist and the system is not fully hyperbolic in the
sense that, although six real eigenvalues exist, there are only
five linearly independent eigenvectors associated with them.
Although the lack of a complete set of linearly independent
eigenvectors does not in any way hinder the computational
scheme based on marching in 7 using the Godunov method
(see Refs. 1 and 2), it is desirable to make a transformation to
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render the system truly hyperbolic so that many characteristic-
based upwind schemes such as flux difference splitting!4 and
flux vector splitting!>! may be applied to the generalized
Lagrangian formulation.

Equations (7) in conservation form with « = 1 will be used
in Sec. III to construct Godunov-type schemes based on the
elementary solutions of the steady Riemann problem. A key
element of the Godunov method is to construct the numerical
flux at the cell interface between two interacting cells. The
exact solution of the steady Riemann problem yields the pres-
sure p* and the flow inclination angle 8* at the cell interface,
which happens to be a slip line in the generalized Lagrangian
method. Across such a slip line (cell interface), the flux vector
F of Eqgs. (7) is discontinuous in the case of o =0 [i.e., the
(7, £) formulation]. This is so because the tangential compo-
nent of velocity and hence the flow speed g = (2 + v?)” is
discontinuous, whereas the pressure p and the flow inclination
angle 6=tan~'(v/u) are continuous. When a marching
scheme (in 7) is used, the numerical fluxes on opposite sides of
the boundary £ = const of neighboring cells do not cancel out
after summing together, failing to satisfy the sufficient condi-
tion in the Lax-Wendroff theorem.!” Consequently, there is no
guarantee of capturing the slip line correctly. In practical
computation for two-dimensional flow, this deficiency is eas-
ily corrected by adjusting the marching Lagrangian time steps
for the neighboring cells so that they are inversely propor-
tional to the flow speeds. Another disadvantage of the La-
grangian time and stream function formulation is that the
extension of the first-order Godunov scheme to high resolu-
tion schemes such as TVD and ENO schemes can become
quite cumbersome due to the discontinuity of flux at the cell
interface (see Ref. 18). o

The following remarks of Ref. 9 are interesting regarding
the system (7) with the (7, £) formulation and the (A, §)
formulation. In a computational scheme that solves the (7, £)
system by marching in the Lagrangian time 7 with same A7 for
all cells at each marching step, the computational cells behave
exactly as fluid particles because 7 is the true time of motion.
In this situation, marching in 7 means literally following the
particles, and in this sense the formulation is fully Lagrangian.
In contrast, in a computational scheme that solves the (\, §)
system by marching in the Lagrangian distance A with same A\
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Fig. 1 Generalized Lagrangian coordinates (A, £): a) computational
mesh; b) boundary subcells.
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for all cells at each marching step, the computational cells do
not behave identically with the fluid particles: They march in
the flow directions of the particles but not necessarily with
their speeds. The (A, &) formulation is therefore not fully
Lagrangian and is termed the ‘‘generalized Lagrangian formu-
lation.”’ Extension of the two-dimensional Egs. (7) to three-di-
mensional steady Euler equations can be readily done’ by

-introducing an additional stream function 5 and following the

same procedure just described. It leads to a system of 11
equations: 5 conservation equations and 6 compatibility con-
ditions that govern the deformation of fluid particles. It is also
noted that the tangency condition on a solid boundary ¢ = &,
can be prescribed in terms of A\, which is the arc length of the
body shape regardless of whether the flow is subsonic or
supersonic. This is because the body shape can be described
parametrically in terms of its arc length A. It is possible to
solve subsonic flow using the (\, £) formulation, but methods
other than space-marching methods have to be used. In con-
trast, if the Lagrangian time 7 is used, there is no a priori way
of prescribing the boundary conditions in terms of 7, which, in
the subsonic flow case, depend on the solution to the flow,
whence the mapping x(7, &), y(r, &) is not known a priori.
In the present work we will concentrate on the case of o = 1,
the Lagrangian distance and stream function (A, £) formula-
tion in conservation law form. A second-order Godunov-type
scheme having a TVD or ENO property will be given later to
solve the system (7) for fully supersonic flows. The restriction
to fully supersonic flow is due to the numerical method adopted
here, since we employ space-marching upwind schemes.

HI. Second-Order Nonoscillatory
Godunov-Type Scheme

To compute a flow solution to Eqs. (7), a rectangular grid
system is used to cover the flow domain in the N-¢ plane and
the computation marches in the increasing N\ direction (Fig.
1a). Let the superscript n refer to the marching step number
and the subscript j refer to the cell number. The marching
Lagrangian distance step AN* = A"+ 1 — N\ is uniform for all j.
It may vary with » but is always chosen to satisfy the usual
linear stability condition based on the eigenvalues given in
Eqgs. (9). The mesh divides the computational domain into
control volumes or cells that in the ¢ direction are centered at
(A%, £;) and have a size of Af; = ¢, ., — &;_, (for all n).

The difference equations for the jth cell at marching step n
are formally derived by integrating (7) over the shaded rect-
angle in Fig. 1 and applying the divergence theorem. The
result is

AN

Bt =E] o N - F an
J
Here, for any quantity f,
1 Evn
Ji = —S S, ) dg (12)
ALy
is the cell average of f, and
Wl
A WL SN &) O (13)

is the distance average.

In the first-order Godunov scheme, the jth cell average, E}
at the marching step »n is considered as constant within that cell
and the flux F;‘f./',/’ along the interface (a streamline) between
thejth cell and the (/ + 1)th cell from marching step nton + 1
is to be obtained from the self-similar solution R[(¢ — &;, 1)/
A=\ QF; Q1] at £ =§;, 4 to the Riemann problem
formed by these two adjacent constant flow states Q) and
Q' 1, where Q = (o, u, v, p)’. This flux will be denoted with
a superscript G [i.e., F/Wf =FF, ,]. The solution to the
Riemann problem yields a flow consisting of an oblique shock
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wave, a Prandtl-Meyer expansion, and a slip line (tangential
discontinuity). However, no special consideration is needed
for slip lines, since they are also streamlines in steady flow.
This yields a much simpler Riemann solution procedure and is
one of the advantages of the generalized Lagrangian formula-
tion.

In practical application, the first-order Godunov scheme is
not accurate enough and needs to be upgraded to higher-order
accuracy. A first-order upwind scheme such as the Godunov
scheme [Eq. (11)] can be upgraded to a second-order method
by first advancing the cell boundary values to the intermediate
marching level A"+ "% =\ + AN/2. In obtaining these values
the interaction between cells can be fully ignored. This obser-
vation, due to Hancock, has led to a simpler implementation
of second-order upwind schemes.!! In the following, such a
two-step procedure is adopted and extended to construct a
second-order nonoscillatory Godunov-type scheme for solving
Egs. (7) using an ENO interpolation. The scheme can be
written as

n+ 1 n A)\" N N
Ert! =E] _'A_E_'[F'/'+V2_F}_V2] 14
J

where F;"i ,, is the numerical flux defined by

FN = FOE; Fyss Ef 1) as)
Here, Ej' =, are intermediate values given by

xn
[F (E jn+_ ‘/z)

Eu=E - 28, FE )] (16a)
n+ AN n—
Ejf, = E*y, 4~ ag, FE-w) — FC 70l (16b)

In Eqgs. (16), E!7,, and El'*,, are more accurate values at

interfaces using ENO interpolation!? and are given by
E'S, = E + S! (17a)
Er*y, =E! — i8] (17b)
with
SP=ml[A El - {m(A_A,EF, A A E}), A_E’
+{m(AA_E!A_A_E}")] (18)
where A L E; = +(E;., — E;) denote the usual forward and

backward difference operators.
The limiter functions m and /m are defined by

smin(lal, 1bl) if sgna=sgnb=s
= 19
m(a, b) { 0 otherwise (19
and

Ha. b — a, if lal<lbl 20
@0 =1p, it lal> 1l 20

The scheme defined above by Eqs. (14) is stable if
Omax AN/AE < 1 D

where 0.y is the maximum value of the eigenvalues given in
Egs. (9). It can also be shown that the scheme is of second-or-
der accuracy in both A\ and A¢ for the scalar wave equation
using Taylor expansion.

If ¢ = 0, one has a second-order TVD scheme, and if { = ¥,
one has a uniformly second-order ENO scheme.

It is noted that the limiter functions in Eq. (18) are placed
on quantities of flux nature (A . E). This avoids the use of
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characteristic variables that can be very expensive in the gener-
alized Lagrangian method due to the large matrix system
involved. The present algorithm is quite economic and works
successfully in practical computations. Other flux limiters
such as those given in Ref. 8 and the one in Ref. 19 using a
third-order nonoscillatory interpolation due to Harten et al.?®
can also be employed to yield high-order schemes.

Finally, after updating the solution, we have to decode
E;* to get Q" +1 and thus complete the procedure of march-
1ng forward in A by one step. The decoding is rather straight-
forward. Let

1+
1-—

Y
(e +¢€d)
Y

-2
B = (€266 — eses)
y—1

C=e?+e}-2K*H
Then the pressure p satisfies the equation
Ap*+Bp +C =0

(22)
p=[-B++VB*-4A4C]/24
The plus sign is chosen! because otherwise negative pressure
may result. Once the pressure p is obtained, then the other
flow variables are

u =(e;—esp)/K (23)
v =(e; + esp)/K 24)
p = K/(ueg — ves) (25)

At this stage the numerical procedure is completed.

If a solid boundary is present in the flow, it must be a
streamline and hence can be identified by £ = £, = const, on
which the inclination angle 6 is given. The boundary condition
to be imposed on the solid boundary is then

v/u = tan 8, (26)

where 0,, is the inclination of the solid boundary. This results
in a boundary Riemann problem and is solved using the
method described in Ref. 1. This is only first-order accurate.
For supersonic flow past a solid body, the body shape deter-
mines the development of the subsequent flow. It is therefore
crucial to be able to compute the flow near the solid boundary
accurately. A subcell treatment?® for the boundary cell is de-
scribed as follows. Let the cell adjacent to the wall be denoted
by j = 1. To obtain an improved EJ*!, the width 4 of the
original cell AB (Fig. 1b) at integration step » is divided into
m equal subcells of width h/m. The first-order Godunov
scheme is then applied to compute the evolution of these
subcell flows by marching, with submarching step AN/m, AN
being the original Lagrangian distance step. In doing so the
interface flux originally calculated along the cell upper
boundary AD is used as the flux along AA4,, and the flux along
the body surface of the slope of BB is used (in the boundary
Riemann solver) instead of the original slope of BC. This
procedure is repeated m times until the original Lagrangian
distance integration step n + 1 is reached, during which the
upper interface flux is held to be the same as given by the
original flux along AD but the surface slope assumes its local
values at the subsegments BBy, B\B,, . . ., B,,_ B,,. After the
last integration step, E* ! (i = 1,2, ..., m) are obtained and
the arithmetic average is then taken to yield

E1”+l= E n+1 (27)
1

1
m
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MACH NUMBER

Fig. 2 Solution of steady Riemann problem for supersonic flow

(Mach number distribution at A = 0.5): comparison of schemes. Sym-

bols, computation; solid lines, exact solution: a) first-order Godunov;
b) TVD; ¢) ENO.

0.75 -

Y o0.50 [

0.25 -

a) 0

b) 0

0.75

Y o0.50

0.25

c) 0

d)

Fig. 3 Sudden formation of oblique shock wave of finite strength
(Mo = 4.0, M; = 2.867); second-order TVD solution: a) pressure con-
tours; b) density contours; ¢) Mach number contours; d) entropy
contours. )

This completes the subcell treatment for the boundary cell
from integration step # to n + 1. The computation can then be
marched as usual from integration step n + 1 to n + 2, again
with subcell treatment for the boundary cell. The subcell treat-
ment for the boundary cell is easy to implement and, with
m =0(h~%), the accuracy of the computed flow in the
boundary cell is found to be typically improved to the same
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level as the interior cells, making the computation uniformly
second-order accurate.

IV. Numerical Results

In this section we apply the preceding second-order non-
oscillatory schemes for the generalized Lagrangian Euler
equations of gasdynamics to solve several initial boundary-
value problems of supersonic flows and compare the results
with the exact solutions. Computations of some practical su-
personic and hypersonic flow problems are also included. In
the following computations the exact Riemann problems are
solved to a tolerance of 10~5. With the intersection point of
the two tangents at the initial states as initial guess, very little
CPU time is needed to get to 1075,

First we consider an initial value steady Riemann problem
formed by the confluence of two parallel supersonic streams at
£o = 0.5 with different states. The initial conditions are given
by

0= {QT =(or, Pr. M1, 87)=(0.5,0.25, 4.0, 0.0 deg), >0
QB =(pB: DB, MB) 0B)= (1‘0, 1~09 2'4, 0.0 deg)s E = EO

Here we use 100 cells and A¢ = 0.01. The computed Mach
number distribution (symbols) at section A — 4’ (A = 0.5) is
shown in Fig. 2 along with the exact solutions (solid line) that
are generated using the Riemann solver. Results obtained us-
ing both first-order Godunov, second-order TVD, and ENO
schemes with a Courant-Friedrick-Lewy (CFL) number of
0.95 are shown. All computations are performed on a Convex
C1 vector computer. The CPU times are 1.32, 1.58 and 1.69 s,
respectively, for the first-order Godunov, the second-order
TVD, and the ENO schemes. Both the second-order TVD and
ENO schemes can give very good resolution of the flow dis-
continuities, and the ENO result indicates slightly better reso-
lution overall.

Second, we consider a supersonic flow M;,>1 past a con-
cave wall for which a shock wave of finite strength is formed
suddenly in the interior of the flowfield and consequently a
slip line is also generated. The equation for the profile of
sudden formation of a shock wave has been given in Ref. 2. As
an example, we consider the case when M, = 4.0 and M, =
2.867. The flowfield is computed using the second-order TVD

w
z =
b=} [
2 2
8 &
I a
a
0.00 1 10— T ?
0.0 0.5 1.0 0.0 0.5 1.0
a) Distance b) Distance
1.0
o
w
: e
= 8 |
z =
g =
W 0.6
> 0.6
=
2.0 T 1 0.4 T
0.0 0.5 1.0 0.0 0.5 1.0
Distance Distance
¢) d)

Fig. 4 " Distributions of flow propertiés along a Lagrangian distance
line (A = 1.15): a) pressure; b) density; ¢) Mach number; d) entropy.
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Table 1 Comparison of aerodynamic
parameters for two-dimensional circular
arc airfoil (Mo = 2.0, t/¢c = 0.1)

o, deg C; Cyq
0 0.000001 0.0311082
0.000000 0.031229
0.000000 0.030916°¢
2 0.083950 0.034053
0.083908 0.034274
0.080613 0.033730
4 0.168524 0.043285
0.168297 0.043464
0.161227 0.042172
6 0.253870 0.058830
0.253700 0.058980
0.241840 0.056241
8 0.340307 0.080972
0.340716 0.081155
0.322453 0.075939
10 0.429523 0.110457
0.429280 0.110426
0.403067 0.101264

*Present computation. "Shock expansion the-
ory. ‘Linearized theory.

- PRESSUR

Fig. 5 Steady hypersonic flow around a symmetric circular arc air-
foil. Pressure contours (upper, Mo = 5.0; lower, M. = 8.0).

scheme with 75 cells and A¢ = 0.01. In Fig. 3 the computed
pressure contours, density contours, Mach number contours,
and entropy contours are shown. The sudden birth of an
oblique shock wave of finite strength in the interior of the
flowfield and the accompanying Prandtl-Meyer expansion and
the slip line are seen well captured. The distributions of flow
properties along a Lagrangian distance line (A = 1.15) are
shown in Fig. 4 together with the exact solutions (solid lines).

We also consider supersonic flows over two-dimensional
profiles. Two types of profiles are considered. One is a 10%
thick (¢/c = 0.1) symmetric circular arc airfoil, and the other
is a symmetric double-wedge airfoil with a wedge angle of 10
deg. For these two airfoils, 100 uniform cells with A¢ = 0.01
are used and CFL = 0.9. In Table 1, the computed lift coeffi-
cient C; and wave drag coefficient C, (top line) for supersonic
flow over a symmetric circular arc airfoil (¢/c =0.1) with
several angles of attack are listed together with results ob-
tained using shock expansion theory (middle line) and lin-
earized theory (bottom line). Excellent agreement is found
between the present computation and the shock expansion
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theory. Results from the linearized theory deviate substan-
tially from those of the nonlinear theory and the Euler compu-
tation at increasing angle of attack.

In Fig. 5 the pressure contours around a symmetric circular
arc airfoil in a hypersonic flow at 0-deg angle of attack are
shown together for M, = 5.0 (upper) and M, = 8.0 (lower),
respectively. The leading-edge and trailing-edge oblique shock
waves and the Mach waves emanating from the surface are all
crisply resolved. For the M, = 8.0 case the initial mesh distri-
bution is stretched with Af,;, = 0.001.

0 0.5 1 1.6

L~

Fig. 6 Steady supersonic flow around a double-wedge airfoil. Mach
number contours (upper, My = 2.0; lower, Mo = 5.0).

0.9

)

-0.5 0 0.5 1 1.5

b) X ,
Fig. 7 Supersonic flow around a symmetric circular arc profile
(Mo = 2.05; a = 4 deg): a) pressure contours; b) particle traces (grid
lines).
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Fig. 8 Supersonic flow around a concave profile (M. = 1.87); Mach
number contours.

Computed results for supersonic flow past a symmetric
double-wedge airfoil with a 10-deg wedge angle are given in
Fig. 6 for freestream Mach number M., = 2.0 (upper) and M,
= 5.0 (lower). Only the Mach number contours are shown.
The leading-edge oblique shocks, the Prandtl-Meyer expan-
sion fans, and the trailing-edge oblique shocks are all crisply
represented.

For flow past the two-dimensional airfoils mentioned ear-
lier, the CPU time for each case ranges from 22 to 25 s.

The next example is a supersonic flow M, = 2.05 past a
10% symmetric circular arc profile with 4-deg angle of attack
in a channel. The pressure contours and the resulting particle
traces (grid lines) shown in Fig. 7 were obtained using the
second-order TVD scheme. The number of cells used is 90,
with A = 0.01 and CFL = 0.9. Good agreement is observed
between the present computation and the experimental shad-
owgraph of Ferri.?!

The last example we consider is an experimental case on
supersonic flow with M, = 1.87 past a concave wall shape
consisting of two circular arc profiles used by Johannesen.??
In this case there is a slope discontinuity at the junction of the
two circular arc profiles. The computed Mach number con-
tour is shown in Fig. 8. Good agreement is found between the
computational and experimental results.?

V. Concluding Remarks

In this paper we have successfully applied the two-step
procedure of Hancock and the ENO interpolation of Harten
and Osher to yield a second-order nonoscillatory Godunov-
type scheme for solving the steady Euler equations of gasdy-
namics in generalized Lagrangian formulation due to Hui and
Zhao. Various supersonic and hypersonic flows are computed
and compared with exact solutions and available experimental
data. Very good agreement among the computational, theo-
retical, and experimental results has been obtained. The main
features of the generalized Lagrangian formulation are 1) its
use of the stream function ¢ and the Lagrangian distance A as
independent variables, with the consequence that intrinsic
flow adaption is embedded and the body surface boundary
condition is satisfied exactly on a coordinate line without a
grid generation; and 2) a slip line that is also a streamline and
always coincides with the cell interface, which renders not only
excellent resolution of slip lines but also much simpler and
efficient implementation of the Godunov method compared
with the Eulerian method. All of these géneralized Lagrangian
features and the second-order-accurate nonoscillatory
Godunov-type scheme probably contribute to the results of

STEADY EULER EQUATIONS

the present work that oblique shock waves, Prandtl-Meyer
expansions, and slip lines can be resolved crisply.
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